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Abstract. We first describe the numerical invariants attached to the 
second fundamental form of a spacelike surface in four-dimensional Min- 
, kowski space. We then study the configuration of the ^/-principal curva- 

ture lines on a spacelike surface, when the normal field v is lightlike {the 
lightcone configuration). Some observations on the mean directionally 
II, curved lines and on the asymptotic lines on spacelike surfaces end the 

\^ • paper. 

Q 

Introduction 

The Minkowski space M^'^ is the affine space M.'^ endowed with the metric 
g = dxl + + dxl — dx^. We say that a surface M in M^'^ is spacehke if 
K*" I g induces on M a Riemannian metric. Thus, at each point p of a spacehke 

■ surface M, the space M^'^ sphts in 

^ : M^'i = TpM e NpM, 

lO ' where the tangent plane TpM and the normal plane NpM at p are respec- 

tively equipped with a metric of signature (2,0) and (1, 1). Denoting by D 
the usual covariant derivative on M^'^, the second fundamental form of M 
at p G M is the bilinear map 



o 

O 



^ : Hp-. TpM X TpM ^ NpM, (X, Y) ^ (DxY)^ 

' 

' which maps two tangent vectors X,Y at p to the normal component of the 

covariant derivative in the direction of X of a local field y of M which 
extends Y. 

In the first section of this article, we describe the numerical invariants 
of a quadratic map M^'^ modulo the natural action of the groups of 

isometries, and classify the equivalence classes in terms of the invariants. 
As a byproduct of this systematic algebraic study, we obtain all the invari- 
ants of the second fundamental form of a spacelike surface: additionally 
to the lorentzian analogs of the four invariants defined on surfaces in four- 
dimensional euclidean space (see e.g. [13]), a new invariant appears in some 
exceptional cases, and completes the set of invariants (Theorem 1.9). In the 
second section we study the geometric properties of the curvature ellipse as- 
sociated to a quadratic map: we give an intrinsic equation of the curvature 
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ellipse which naturally leads to the description of the ellipse in terms of the 
invariants (Theorem 2.10). 

After these algebraic preliminaries, we study special lines on a spacelike 
surface. We first write down the normal form of the differential equation 
of the so-called lightcone configuration at an isolated umbilic point (Section 
3.1), and then obtain from the Poincare-Hopf Theorem a lower bound of 
the number of lightlike umbilic points on a generic closed spacelike surface 
(Theorems 3.3 and 3.5). In the last section of the article we study the mean 
directionally curved lines and the asymptotic lines. 

1. Quadratic maps from to M^'^ 

In this section, we study the vector space (5(M^,M^'^) of quadratic maps 
from to M}'^. We suppose that and R-*^'^ are canonically oriented and 
time-oriented: a vector of R^'^ will be called future-directed if its second 
component in the canonical basis is positive. We consider the reduced (con- 
nected) groups of euclidean and lorentzian direct isometries of R^ and R-*^'^, 
S'02(R) and S'Oi,i(R). They act on Q(R2,R1'1) by composition 

SOi,i(R) X Q(R2,R^'^) X 502(R) ^ Q(R^R^■^) 

{9i,q,92) 1-^- gioqog2. 
We are interested in the description of the quotient set 

50i,i\Q(R2,R1'1)/502. 

We first introduce the algebraic invariants of a quadratic map and then give 
a description of the quotient set (Theorem 1.9). 

1.1. Forms associated to a quadratic map. We fix q e (5(R^,R^'^). 
If v belongs to M^'^, we denote by S^, the symmetric endomorphism of R^ 
associated to the real quadratic form {q, v), and we define, for z/, v\,U2 G R^'^, 

Lq{v) ■= ^tr(5',^), Qq{u) := det(S',,) and Aq{i/i,U2) := ^ [8^^,81,2] ■ 

Here [Si,^^, Si,^] denotes the morphism Si,^oSi,^—Si,^oSi,^ \ it is skew-symmetric 
on R^, and thus identifies with the real number a such that its matrix in 
the canonical basis of R^ is 

In the sequel, we will implicitly make this identification. Thus, Lq is a linear 
form, Qq is a quadratic form, and Aq is a bilinear skew-symmetric form on 
R^'^. These forms are linked together by the following lemma: 

Lemma 1.1. The quadratic form 

% := Ll - Qq 

is non-negative and the following identity holds: for all vi^f-z € R^'^, 

^q{ui)^q{y2) = ^q{yuU2f + Aq{yi, 1^2^, (1.1) 
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where ^ denotes the polar form of <J>. 

Proof. Let F be the vector space of traceless symmetric operators on M^. 
We first equip F with a structure of oriented euchdean space. We define the 
scalar product {■,.)f on F as follows: if the operators are identified with 
their matrix in the canonical basis of M?, we set, for all S,T e F, 

{S,T)F:=^tr{ST). (1.2) 

We choose the orientation on F such that the orthonormal basis 

= ( - 1 ) ' ^2 = ( 5 J ) 

be positively oriented. By a direct computation the mixed product [•, .]f on 
F is given by: for all S,T G F, 

[S,T]f = ^[S,T]. (1.3) 

We recall that the mixed product [■,-]f is defined as the determinant in a 
positively oriented basis of F, and that the bracket [S,T] (without index) 
stands for the commutator ST — TS. 

We first note the following interpretation of $ : let i/ G M^'^, and denote by 
Ai, A2 the eigenvalues of 8,^. If S° denotes the traceless part of the symmetric 
operator Sj, then 

St = - ^ti S,.ld, 
and the eigenvalues of S° are ± ' ^ \ Thus, in view of (1.2), 

\\St\\F = ^(■^l - ^^2)^. 

By the very definition of $ this last quantity is ^{ly), and we thus get 

$(!/) = WStWl and l>(i.i,^2) = {St„St,)F. (1.4) 
We now give an interpretation of the form A : observing that 

[81/1,3^2] = [s^-i^, S^^'\ , 
we get from the definition of A and (1.3) that 

A{i.^,U2) = [S:^,St,]p. (1.5) 
Identity (1.1) is then straightforward: the Lagrange identity in F reads 

\\S\\l\\T\\l = {S,T)l + [S,T]l. (1.6) 
Applying (1.6) to S°_^ and S°^ and using (1.4) and (1.5) we get (1.1). □ 

The forms Lg, Ag are invariant by the S'02-action on q : for all 

g G S02m, 

Lqog = Lq, ^gog = $q and Agog = Ag. 
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Moreover, these forms contain all the information on q modulo this action: 
setting 

P = {{L,^,A) G R^'^*xS2M^'^*xA2r1'1* : $ is non-negative, and (1.1) holds}, 

where S^R-*^'^* and A^R^'-*^* stand for the sets of symmetric and skew-symmetric 
bilinear forms on R-*^'^, the following result holds: 

Lemma 1.2. The map 

e : Q(R^R^■^)/502 ^ P 

[q] ^ (L[^], $[^], 

is bijective. 

Proof. We first give a formula which permits to recover [q] from its associated 
forms L, A (formula (1.9) below). We keep the notation introduced in the 
proof of Lemma 1.1 above. 

If $ is not the null form, we fix Vg € R-*^'-^ such that ^(vo) = 1- The 
eigenvalues of 8,^^ are the roots of the polynomial 

- 2L{uo)X + Q{uo) 

and are thus L{yo) ± 1. We choose a positively oriented orthonormal basis 
(ei, 62) of R^ such that in this basis 

S,„ = L{uo)I + Ei. 

For all u G R^'^, the matrix of S^, may be a priori written in the form 

Sr, = L{v)I + a^Ei + b^E2, 

where and b^ belong to R. We necessarily have 

a, = {Sl^,Sl)F = ^{vo,y), (1.7) 

and 

b, = [St^,Sl]^ = A{vo,i^). (1.8) 

Thus, in (ei, 62), 

= L{u)I + $(1^0, u)Ei + A{vo, v)E2. (1.9) 

If now $ is the null form, then, for all u G R^'^, is an homothetie. Thus 
Su = L{v)I^ and (1.9) also holds in that case (observe that A is null by 
(1.1)). Note that here Vo and (61,62) may be arbitrarily chosen. 
Formula (1.9) proves that the map is injective 

We now prove that Q is surjective. We fix (L, A) G P. Wc first assume 
that $ is not the null form, and we fix G R^'^ such that <&(fo) = 1- We 
denote by (61,62) the canonical basis of R^, and, for all v G R-*^'^, we define 
Sy the symmetric operator on R^ whose matrix in (ei, 62) is given by (1.9). 
The map v ^ \s linear and, for all v G R^'^, 
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tr(S,)) -det(5,) = L^i^)- 



and 







A{iyo,i'). 



Note that the last identity imphes that 

1 
2 

for all z^i, £ M^'^, since the two terms of this identity are skew-symmetric 
in 1^1, z^2- Thus, the quadratic map g : — >■ M}'^ such that (g, i') = {S,y.,.) 
satisfies e([g]) = (L,$, A). □ 

By the natural S'Oi^i-action on Q{M.'^,'M}'^)/S02, the forms Lj^j, trans- 
form as 

whereas the form A^q^ is kept invariant. Let us consider the following action 
of 50i,i on P : for all g G 50i,i, for all (L, $, A) G P, 

A) := (L o 5-1, $ o 5-1, A). (1.10) 

The map is S'Oi^i-equivariant and thus induces a bijective map 

e : SOi,i \ Q(R^M^'^)/502 ^ SOi,i \ P. (1.11) 

Observe that formula (1.1) permits to recover A (up to sign) from The 
description of the quotient set SOi^i \ Q{M.'^ ,M}'^) / SO2 will thus be achieved 
with the simultaneous reduction of the forms L^gj and <&[q] in M^'^. 

1.2. Invariants on the quotient set. For the discussion, we first define 
invariants on SOij \ Q{M.'^ ,M.^'^)/ SO2 associated to Lj^j, Q[q], A^^j and : 

Definition 1.3. We consider: 

1- the vector H G R^'^ such that, for all ly G R^'^ {H,!/) = L[^](zy), and 
its norm 

\H\^ := {H,Hy, 

2- the two real numbers 

K := trQ[qj and A := detQ[g], 

where tr Qjg] and det Q^qj are the trace and the determinant of the symmet- 
ric operator of M}'^ associated to Qj^j by the scalar product on M^'^; 



3- the real number such that 

' ~ 2 



A[q] = -K^UJQ, 
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where loq is the determinant in the canonical basis of M^'^ (the canonical 
volume form on M^'^). 

The numbers \H\'^,K,K]\[,A are invariant by the SOi i-action on [q] G 
Q{R'^,'R^^^)/S02, and thus define invariants on SOi^i \ Q(M^ R^'^)/S'02- 

The invariants of the quadratic form have the following simple ex- 
pressions in terms of these invariants: 

Lemma 1.4. Let $[^] := L^^j — Q^qj and the symmetric operator on M^'^ 
such that 

for all V G M^'^. Denoting by tr <I>[gj and det its trace and its determinant, 
we get: 

tr$[g] = - K and det%^ = -^Kj^. (1.12) 

Here and below, we denote by {ui,U2) the canonical basis of M^'^, and by 
{Ni,N2) the basis defined by 

a/2 a/2 

Ni = — {Ui +U2), N2 = — {U2 - ui) . 

The basis (iVi, A^2) is positively oriented, and Ni and N2 are null and future- 
directed vectors such that (A^^i, = — 1- Moreover, to simplify the notation 
the forms Lj^j, Q[q], $[5] will be denoted by L, Q, $. 



Proof. The matrix of in the basis {Ni,N2) is 

^{Ni,N2) $(A^2) 
^Ni) ^Ni,N2) 

Thus, denoting by Q the polar form of Q, 

tr$ = -24>(Ari,7V2) = -2L{Ni)L{N2) + 2Q{Ni,N2) 
= -2L{Ni)L{N2)-tTQ 



(1.13) 



and 



\H\'^-K, 



det$ = ^Ni,N2f - $(iVi)$(iV2) = -^Kjf 



by (1.1). □ 

We now give some formulas to compute these invariants. We write the 
quadratic map q in the form q = qiNi + q2N2, and we denote by 

X z \ f u w 
z y J ^ y w V 

the matrices of qi and q2 respectively in the canonical basis (ei, 62) of ' 
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Lemma 1.5. The following formulas hold: 

H = ^{x + y)Ni + ^{u + v)N2, (1.14) 

\Hf = —-{x + y){u + v), K = —xv — uy + 2zw, = —z{u — v) + w{x — y), 

(1.15) 



and 



A = ^K'^ - {uv - w^){xy - z^). 



Proof. Let v = uiNi + 1/2N2 G R ' . The matrix of qi, in (ei, 62) is 

Zl'2 + WVl yi'2 + VVi 



(1.16) 



Its trace is 

2L{u) = -{{u + v)yi + {x + y)u2), (1.17) 

which gives (1.14) and the expression of \H\'^. Its determinant is 

Q{v) = {uv - w'^)vl + {xy — z'^)ul + {xv + uy- 2zw)viV2- (1-18) 

The matrix in {Ni,N2) of the symmetric operator uq associated to Q is 

_( + uy) -zw xy- z^ \ ,^ 

Y uv — 'Up' ^ {xv + uy) — zw J ' 

Taking the trace and the determinant we obtain the expressions of K and 
A. Prom (1.16), 

Snx = — f ^ ^1 and Sno. = - ( ^ ^ 
^ \ w V J ^ \ z y 



Thus 

and we obtain the expression of Kjsf. □ 



z{u — v) — w{x — y) 

—z{u — v) + w{x — y) 



We now introduce some notation which is especially adapted to the study 
of the form This notation is linked to the description of the curvature 
ellipse; see Section 2. We set 



and 



hi = ^{x + y), h2 = ^{u + v), (1.20) 



/X = ^(x - y), 1^ = z, fj,' = ^{u- v), v' = w. (1.21) 
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Lemma 1.6. The matrix of ^ in {Ni,N2) is 
and the following formulas hold: 



(1.22) 



u'u + tJiii' = ^{K - \H\^), (ufi' - u'lif = -^Kj,, (1.23) 



and 



ij? + M^)(.'^ + /x'2) = \[{K- \Rff + i^^) . (1.24) 
Proof. Recalling the formulas (1.17) and (1.18), we obtain 

= (^\iu + vf-iuv-uP)^uf+(^^ix + yf-ixy-z^)^ui 

+ (^{^ + + f) - (a;f + - 2zw)^ uiU2. 
Using (1.21), we easily get 

and the matrix (1.22) of $ in (Ni,N2). The matrix of u$ in the basis (iVi, A''2) 
is then given by 

u'u + ^yu' + fi'^ 

u'"^ + //'^ u'u + ^/i' 



(1.25) 

Lemma 1.4 and the Lagrange identity imply the claimed formulas. □ 



1.3. The simultaneous reduction of and L^qy We now reduce the 

operator Here, in contrast with the euclidean case, it may be not diag- 
onalizable. 

Lemma 1.7. The operator is diagonalizable if and only if ^ = or 

K"^ + (^\Hf - > 0. (1.26) 

// (1.26) holds, there is a unique basis of unit eigenvectors of u^, {ui,U2), 
which is positively oriented and such that ui is spacelike and U2 is timelike 
and future- directed; moreover, the basis {ui,U2) is orthogonal and the matrix 
of in {ui,U2) is diagonal with diagonal entries (a^,— 6^), where 



a' = l({\H\'-K)+,^Kj,+ [\H\^-K) j, (1.27) 
^' = l[- (l^l' - ^) + ]l + - k)'^ ■ (1-28) 
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In {ui,U2), the vector H is aui + Pu2, with 

a' = ' (a + a'\H\' + \kI) , (1.29) 



P'' = = ( A - b''\H\^ + lKj,). (1.30) 



Kf, + {\H\^ - k)' 



Proof. By Lemma 1.4, the characteristic polynomial of n$ is 

det(n$ - Xld) =X^- {\H\^ - K)X - ^Kj^. (1.31) 

Condition (1.26) means that its discriminant is positive. Thus, if (1.26) 
holds, the eigenvalues of are distinct, n$ is diagonalizable, and its eigen- 
values a^, —6^ are given by (1.27), (1.28). Conversely, wc assume that n$ 
is diagonalizable, and we denote by Ai,A2 its eigenvalues. Since A1A2 = 
det«$ < 0, we see that Ai 7^ A2 or uq, = 0. Thus, if Uip 7^ 0, the charac- 
teristic polynomial (1.31) has a positive discriminant, which gives condition 
(1.26). 

We now explicit the eigenvectors of Recall that the matrix of in 
the basis (iVi, A/2) is given by (1.25). Setting 

we verify by a direct computation that 

u^i^^'^) = (-(i/V + fill') + ^y'' + /xV/"" + J^") e^'^ 



and 



„^(^(2)) = - ({y'v + /x/i') + + mVm" + i^") C^'^ 



Thus, setting 



^(1) ^(2) 

-ui = , . and U2 ^ 



1^(1) I ---^ 

we obtain the basis (ui, 112) as claimed in the lemma. 
We now prove identities (1.29) and (1.30): we consider 



with ^1 = yTx^ + i^, ^2 = ±-\/ fi'^ + v'^- From Lemma 1.5, 
A = ^i^T^ - [xy - z^)(uv - w^), 
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with xy-z^ = hl- , uv-w^ = hl- ^| (recall (1.20) and (1.21)). Since, 
by a direct computation, 

{hl-ei){hl-^l) = {h^h2-^ii2f-{hii2-h2iif (1.32) 

= \{\H?-\i?f-[H.e. (1.33) 

we have 

A = lK^-l{\H\^-\^\^f + [H,^f (1.34) 

= l{K-\H\^ + \^\^){K + \H\^-\^\^) + [H,e- (1-35) 
We first take ^ = ^ ijfl + v'^Ni + V/u'^ + v''^N2. We have 



Observing that 

I I tf |2 „2 1,2 . ] t 



-if + \H\^ = a^-b'^ and = 40^62, 



we obtain 

A = -a''\Hf-^K], + [H,^]''. (1.36) 

Since ^ is proportional to U2, we have [-ff, C]^ = "Ck^ICPj and we finally 
obtain (1.29). 

If we now take ^ = -^//^ + z/2 JVi — y^//'^ + i/''^N2, we have = + 6^, 
and analogous computations give 

A = b^\H\^-^K% + [H,C]\ (1.37) 

Here ^ is proportional to and we get (1.30). □ 

Lemma 1.8. The operator u<j> is not diagonalizable if and only if 

^ ^0 and Kn = P -K = 0. (1.38) 

In that case there is a unique positively oriented basis (Ni,N2) o/M^'^, with 
Ni and N2 null and future- directed vectors satisfying {Ni,N2) = —1, such 
that the matrix of in (A^i, A^2) is 

"^' = [-1 0) "''^' = [0 

Suppose that the matrix of u$ is Ai . Then the vector H reads 

H = ± (^VANi - ^^^2^ (1.39) 
i/ A / 0, and is of the form 

H = (N2 (1.40) 
«/ A = 0, where the number C defines a new invariant (the four invari- 
ants \H\'^, K, Kn, a vanish in that case). 
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If the matrix of is A2, the same holds, switching the indices 1 and 2. 

Proof. The condition (1.38) directly follows from the condition (1.26) in 
Lemma 1.7. Recall the expression (1.25) of the matrix of in the basis 
(7Vi,7V2). Prom Lemma 1.6 the condition (1.38) implies that 

{u'^ + M^)(z^'^ + /x'^) = 0, vu' + fin' = 0, ufi' - v'n = 0. 

We suppose that u'^ + fi^ = 0. The matrix of u$ in {Ni,N2) reads 



I/'2 + /i'2 

Since $ 7^ 0, we have u''^ + jj,'"^ 7^ 0. We consider the basis 
Ni := _=L=iVi, N2 := Vi/'2 + ^/2jv2. 

In (A''i,A''2) the matrix of is the matrix Ai. Note that such a basis is 
clearly unique. 

We now prove the second part of the lemma. We denote by (^1,^2) the 
coordinates of H in {Ni,N2)- Using (1.35), with here ^ = N2, and since 
K — \H\'^ = 0, = and [i?,^]^ = h^^- we obtain hi = A. Since moreover 
|#|2 = -2hih2 = K, we obtain (1.39). 

If A = 0, then hi = and all the previously defined invariants vanish. 
C = h2 defines a new invariant. □ 

1.4. The classification. We now gather the results obtained in Lemma 
1.7 and Lemma 1.8. To state the main theorem we introduce the following 
notation: we denote by G the subgroup of transformations of E}'^ generated 
by the reflections with respect to the lines M.ui and M..U2; identifying these 
transformations with their matrix in (^1,^2), we have 

1 W -1 W 1 W -1 
\Voiy'Vo -I J \ o -I J '\ 1 

This group acts on the quotient set SOi^i \ Q{M.'^ ,M.^'^) / SO2 by composition 
since gSOi^ig~^ = SOi^i for all g & G. We denote by G' the subgroup of G 
generated by the reflection with respect to R.U2 : 

1 \ f -1 
1 j ' I 1 



G' 



Theorem 1.9. Let [q] G SOi,! \ Q(R^ R^'^)/S'02, and K,Kn,\H\'^,A its 
invariants. 

1- If Kn 7^ or \II\^ — K ^ 0, the invariants JC, ETat, A determine 
[q] up to the action of the group G. 

2- If Kn = 0, - iiT = 0, and $ / 0, then 

a- if 0, the invariants A, K determine [q\ up to the action of G. 
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b- if A = 0, then the four invariants vanish, and the new invariant ^ defined 
in Lemma 1.8 determines [q\ up to the action of G' . 

5- // $ = and [q] 7^ 0, the invariant \H\^ determines [q] up to the ac- 
tion ofG. 

Remark 1.10. In fact, if Kn / 0, the invariants K,Kn, and A deter- 
mine [q] up to the action of ±id^i,i only, since the action of a reflection of 
M.^'^ changes Kn to —K^. 

Proof. First recall the definition of the bijectivc map O in (1.11). 

1- If i^AT / or |Fp - K / 0, by Lemma 1.7, @{[q]) is the class of 
{L,^,A) G P where the forms L, $ and A are defined in the canonical basis 
lui,U2) of M^'^ by 

L = (a, -/?), ^ = Q ^2^ and A = ^Kn J ^ , 

with a'^,b^,a,(3 satisfying (1.27), (1.28), (1.29) and (1.30) (more precisely, 
recalling (1.10), if 5 G >S'Oi_i is such that g(ui) = tti, g{u2) = U2, where 
(«!, U2) is the basis given by Lemma 1.7, we have g.{L, $, A) = {Lq, <I>g, Aq)). 
Since a and /3 arc determined up to sign by (1.29) and (1.30), four classes 
correspond to the given set of invariants (note that classes coincide in the 
particular case where a or P vanishes) . They are obtained from one of them 
by the action of G. 

2- If = 0, l^p - K = and $ 7^ 0, then, by Lemma 1.8, 0{[q\) is the 
class of (L, ^,A) e P where, in the basis (iVi, ^¥2) of M^'\ 

L = -{h2, hi), ^= (^l o)°^(o J)and^ = 0. 

If # is the first matrix, (/ii,/i2) is given by (1.39) (if A 7^ 0) or by (1.40) 
(if A = 0), and if <I> is the second matrix, we have to switch the indices 
1 and 2 in (1.39), (1.40). Thus, if A 7^ four classes correspond to the 
given set of invariants A, K (two classes, given by the choice of the ± sign 
in (1.39), for each one of the two possible matrices for $) and if A = two 
classes correspond to the invariant ( (by (1.40), only one class for each one 
of the two possible matrices for $). They differ by the action of G and G' 
respectively, and we get the result. 

3- If $ = and [q] ^ 0, e{[q]) is the class of (L,0,0) G P with L = {H, .), 
where 

H = ±Ni,±N2,±Xui,±\u2, 
with A > 0. □ 

2. The curvature ellipse 

In this section we describe the geometric properties of the curvature ellipse 
associated to a quadratic map in terms of its invariants (Theorem 2.10). The 
curvature ellipse associated to the second fundamental form of a spacelike 
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surface in four-dimensional Minkowski space was first considered in [10]. 
The curvature ellipse E associated to q iM.'^ ^ M^'^ is defined as the subset 
of Ri'i 

E := {q{v) : G \v\ = l} . 

It is parameterized by 

i}£R^ H + X{'d)Ni + Y{'d)N2 G M^'^ 

with H = hiNi + /i2iV2 and 

Xi-d) = iicos2{) + v sin Y{{)) = ^' cos 2d + v' sin 2d, (2.1) 

where the coefficients /ii, /i2, /x, i^, /i' and u' are defined by the expressions 
(1.20) and (1.21). 

The two next lemmas give an explicit equation of the curvature ellipse: 

Lemma 2.1. If H+XN1+YN2 belongs to the curvature ellipse, then {X,Y) 
verifies 

£{X, Y) = iy'"^ + X2 + (zy2 + f2 _ 2 + ^^z-) XY 

= {vn'-v'uf. (2.2) 



Thus 



we 


have 




X 




/i 


Y 


)< 






^ cos2t? 




.)( 


, sin2i? 


) 



cos 21? 
sin 2?? 



(2.3) 



) = ( V 7)[y)- (2.4) 



The identity cos'' 2d + sin"' 2?? = 1 gives the result. □ 

Lemma 2.2. If 7^ 0, equation (2.2) is the equation of the curvature 
ellipse. If Kn = 0, the curvature ellipse is the segment defined by 



^v''^ + lil'^X = ±^^J^Vi?Y (2.5) 



/2 



with -^Jv^ + [i^ < X < a/i/^ + /i2 anc? -a/z/2"+/?^ < 1^ < \fi7^ ii! 
The sign in (2.5) is the sign of vv' + fifi' . 

Proof. We first assume that Xjv 7^ 0, and we suppose that {X,Y) is a 
solution of (2.2). Equation (2.3) in d is solvable if and only if 

, / , ,2 ((^'^ - ^^)' + i-f^'X + f^Yf) = 1, 

which is exactly (2.2). This gives the result. 

We now assume that Kj^j = 0. The Lagrange identity thus gives 

{u'u + ^l^Ji'f = (1/2 + ^2)(^/2 ^ ^,2y (2.6) 

Equation (2.2) thus reads 

{v''' + + {v'' + 1?) ± 2^f^y^TJ?^f^7^TJ^xY = o, 
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where the sign zt is the opposite sign of u'u + ji/j,. Thus 
(^^/u'^ + n'^X ± ^v'^ + ix^Y^ = 0, 
which gives (2.5). The inequahties on X^Y directly come from (2.3). □ 

Wc now Unk the quadratic form $ to the curvature eUipse. Let us denote 
by E the curvature elhpse with its interior points 

'E= {q{u) : n e M^ \u\ < l} . 

We first define as in the euchdean space the support function h of the convex 
body E C M^'"^ with respect to some interior point O' e E (taken as the new 
origin of R^'^): for all u e 

h{i') := sup {i^'jv). 

u'eE 

Lemma 2.3. The support function of the curvature ellipse with respect to 
its interior point H is the square root of ^: for all v G M^'^, 



h{u) = ^/My). 

In particular, if Kj^ = and if ^ & ^'^'^ is such that the curvature ellipse is 
the segment [H — ^, H + then, for all v G R^'^, 

Proof. By the very definition of /i, and recalling the notation used in the 
proof of Lemma 1.1, 

h{v)= sup {II{u)-H,u)= sup {Sl{u),u) = \\S°\\f. 

{tteM^: |m|<1} {ueM.^: \u\<l} 

By (1.4) this last quantity is ^/^(y). We then obtain the last claim of the 
lemma from the definition of h. □ 

If Kn 7^ the function n$ is invertible, and we define 

:={,., u^Hu)). (2.8) 

The function : M}'^ — ^ R furnishes an intrinsic equation of the curvature 
ellipse: 

Lemma 2.4. We suppose that Kn 0. For all v G R^'^, H + u belongs to 
the ellipse E if and only if 

= 1. 

Proof. Using (1.25) we get 

$*(.) = / ((.'^ + m'^) X' + [u-^ + ^^') - 2 (.V + /./.') XY) , 

which implies the result since the equation of the curvature ellipse is given 
by (2.2). □ 

We deduce the following descriptions of the ellipse: 
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Proposition 2.5. // / 0, the curvature ellipse is not degenerated; its 
axis are directed by the eigenvectors of and the squared length of the 
semi-axis are the eigenvalues a^, —b^ of given by (1.27), (1.28). 

Proof. Lemma 2.4 and expression (2.8) imply that the curvature ellipse is 
the set 

E = {H + veM}^^ : {ul\v),u) = 1}. 
Writing v = v\Ui + V2U-2 in the basis {ui,U2) of eigenvectors of tx^ given 
by Lemma 1.7, we obtain the following: in {H,ui,U2), the equation of the 
ellipse is given by 

^uf + 1^1 = L (2.9) 

This implies the proposition. □ 

Remark 2.6. The expression of the quadratic form given by the left-hand 
side term of (2.9) shows that it is positive definite. 

Remark 2.7. The sign of has the following meaning: Kj\i is positive if 
the ellipse is described by (2.1) in the positive direction when the parameter 
grows; it is negative otherwise. 

Proposition 2.8. // = and $ 7^ 0, the curvature ellipse degenerates 
to a segment [H — ^, H + which is: 

1- spacelike if\H\^—K > 0; more precisely, ^ = ±aui where a = \J \H\'^ — K 
and ui is the spacelike unit eigenvector of u.^ given by Lemma 1.7; 

2- timelike if \H\'^ — K < 0; more precisely, ^ = ±bu2 where b = ^ K — \H\'^ 
and U2 is the timelike unit eigenvector of given by Lemma 1 . 7; 

3- lightlike if \H\'^ — if = 0; recalling the notation in Lemma 1.8, ^ = ±iV2 
if the matrix of in {Ni,N2) is Ai, and ^ = ±Ni if the matrix is A2. 

Proof. Prom Lemma 2.2, the curvature ellipse is the segment [H — ^,H + $] 
with 

where the sign ± is the sign of vv' + /x/x'. By a direct computation (recalling 
(1-25)), 

Using the formulas (1.23) and (1.24) with Kn = 0, we get 

= \Hf - K and w$(0 = {\H\^ - K% (2.10) 

and thus the proposition in the cases where \H\^ — K 0. 

If now \H\^ — K = 0, then ^ is lightlike. If the matrix of in {Ni,N2) 
is Ai, we get using (2.7) 

$(Ari) = {^,Nif = 1 and ^(iVs) = {tN2f = 0. 

Thus ^ = ±N2- n 
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Remark 2.9. If = the ellipse degenerates to the point H. 

We finally summarize the results of Propositions 2.5 and 2.8, and describe 
in each case the corresponding classes of quadratic maps (using Theorem 
1.9). We set 

q.-RiA ^ Endsym(R2) 
v I— Si,. 

Theorem 2.10. Let r := rank{q) be the rank of q. We distinguish three 
main cases, according to the value of r : 

1- r = ('umbilicityj; the curvature ellipse reduces to the point O. In that 
case the class [q] is [0]. 

2- r = 1 (^inflection j.- Kjsf = 0, A = 0. The curvature ellipse is a segment 
centered at H which belongs to the line The segment is spacelike, time- 
like or lightlike if \H\^ - K > 0, \H\^ - K < 0, or \H\'^ -K = 0. 

There are two cases: 

a- — K ^ 0. The class [q] is then determined by the values of and 
K (up to the action of G ); 

b- \H\'^ — K = 0. Then \H\'^ = 0, K = 0, and the class [q] is determined by 
the value of C, (up to the action ofG'). 

3- r = 2. There are two cases: 

a- K]\f 7^ r regularity ) The curvature ellipse is an ellipse centered at H. 
The class [q] is then determined by the values of \H\'^, K, K]\f and A if 
H ^ 6 (up to ±id^i,i ); if H = 0, [q] is determined by the values of K and 
Kn (in that case A = —jKfj). 

b- H ^ 0, K]sf = 0, A ^ (^scmi-umbilicityj. The curvature ellipse is a 
segment centered at H, which does not belong to the line The class [q] 
is determined by the values of\H\'^, K and A (up to G). 

We will need the following lemma for the proof: 

Lemma 2.11. We suppose that the curvature ellipse degenerates to the 
segment [H -^,H + ^\, with ^ G M^'^ Then 



A = 



2 



H,^ . (2.11) 



Moreover A = if and only if rank q = 1. This equivalently means that the 
ellipse belongs to the line W.H. 

Proof. According to (2.10), = — K. Formula (1.35) thus implies 
(2.11). 

Since = 0, the morphisms S^, v G E}'^ commute; thus there exists 
a basis of in which their matrices are diagonal with diagonal entries 
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1 , with Ai,A2 G M^'"^*. We have Q^f) = Ai(i/)A2(i^), and we thus 
see that Q is not degenerated if and only if Aiand A2 are independent. Thus 
A = if and only rank q = 1. The last claim follows from (2.11). □ 

Proof of the Theorem 2.10. If r = then g = and the result is obvious. 

If r = 1, the morphisms Sy, v G M^'"*^ commute; this implies that Kjq = 0. 
The results then follow from Proposition 2.8, Lemma 2.11 and Theorem 1.9. 

We now suppose that r = 2. If 7^ the results follow from Lemma 
2.5 and Theorem 1.9 (for the relation between A and when H = 0, see 
(1.36) and (1.37)). If = 0, then A / 0, # / and the segment does not 
belong to the line M.H (by Lemma 2.11); we then conclude with Theorem 
1.9. 

□ 

3. Principal configurations on spacelike surfaces 

Let us apply results proved in the previous sections to spacelike surfaces 
immersed in M'^'^. We suppose that M'^'^ is oriented by its canonical basis, 
and that it is time- oriented as follows: we will say that a vector of R^'^ is 
future-directed if its last component in the canonical basis is positive. Let 
us consider a smooth oriented spacelike surface M immersed in M^'^. Note 
that each normal plane of M is then naturally oriented and time-oriented. 
See [15] clS cl general reference. 

The second fundamental form at each point p of M is a quadratic map 

Hp : TpM NpM. 

Observe that if we choose orthonormal basis of TpM and of NpM which are 
positively oriented (the second vector of the basis of NpM being moreover 
timelike and future-directed), TpM identifies with and NpM with M^'^ 
(with their canonical orientations). Therefore, the forms, the invariants and 
the ellipse of curvature studied in the previous sections appear in this setting. 

For p G M and v G NpM, v 0, the second fundamental form with 
respect to u aX p is the quadratic form IIi, : TpM — R defined by 

Ih{X) = {IIp{X,X),iy). 

Let u he a local extension to R^'^ of the normal vector u of M at p. The 
shape operator Si, : TpM — TpM defined by 

is the self-adjoint operator associated to the quadratic form II^, : for all 
X,Y e TpM, 

{S,{X),Y) = {IIp{X,Y),u). 

We can find, for each p G M, an orthonormal basis of eigenvectors of 
in TpM, for which the restriction of the second fundamental form to the 
unitary tangent vectors HvW, takes its maximal and minimal values. The 
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corresponding eigenvalues Ai, A2 are the v -principal curvatures. A point p 
is said to be i^-umbilic if both z/-principal curvatures coincide at p. 

Let Ujy be the set of z^-umbihcs in M. For any p € M \ Ujy, there are 
two z/-principal directions defined by the eigenvectors of S^,. These fields 
of directions are smooth and integrable, and they define two families of or- 
thogonal curves, their integrals, which are the z^-principal lines of curvature. 
The two orthogonal foliations with the z/-umbilics as their singularities form 
the z/-principal configuration of M. 

The differential equation of the z/-principal lines of curvature is given by 

S,{X{p)) = X{p)X{p), (3.1) 

where X{p) G M. Now, let us obtain the expression of this differential equa- 
tion in a coordinate chart. Let </? be a parameterization of an open neigh- 
borhood U C M with local coordinates {u,v), and let be a normal vector 
field along U. For each p = <p{u, v) € M, the associated basis of TpM is 

('^^ ~ fu''^'' ~ '^^^ coefficients of the second fundamental form with 
respect to v are 

ei, = IIu (ipu) =< Ili^Pu, V>u), V >, =< n{ipu, (Pv), V >, 

A standard procedure for elimination of the parameter A in (3.1) provides 
the expression of the equation of the i^-principal lines of curvature in this 
coordinate chart: 

{Fe^ - EU)du'^ + (Ge^ - Egy)dudv + {GU - Fgy)dv'^ = 0, (3.2) 

where E, F and G are the coefficients of the first fundamental form in this 
coordinate chart. 

The study of the z/-principal configurations on surfaces immersed in 
from the dynamical view point has been developed in [16] and [6]. In the 
present work the causal character of the normal vector field will play an 
important role. A spacclikc surface immersed in R^'^ has a well defined 
lightcone Gauss map whose associated shape operator is known as the nor- 
malized shape operator, and the corresponding principal configuration is 
known as the lightcone principal configuration; see [12] and [8]. 

Observe that the lightcone principal configuration is a particular case 
of i/-principal configuration. Indeed, the lightcone Gauss map is defined 
as follows. Any timelike normal vector field n* determines, by means of 
the cross product of this vector field with the standard tangent frame of 
the immersion, a unique oriented spacelike normal vector field n'^ . It turns 
out that n* -|- is a lightlike normal vector field. Moreover, the direction 
determined by this vector field is independent of the initial vector field ri*. 
Namely, if is another normal frame determined by n* as above, the 

vector fields n*-|-n* and n*-|-n*' are parallel (Lemma 3.1, [12]). The lightcone 
principal configuration is defined to be the (n* -|-n*)-principal configuration. 
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In the case of a surface immersed in the hyperbohc space, (p : M ^ 
H^{—1), for the timehke normal vector field at ip{p) we may choose the 

position vector oip{p), where o is the origin of W^'^; the vector is then 
univocally defined on the de Sitter space Sf. The lightcone Gauss map 
coincides with the hyperbolic Gauss map and the corresponding shape op- 
erator is the horospherical shape operator whose principal directions define 
the horospherical principal configuration [11]. This configuration coincides 
with the principal configuration of the surface immersed in H'^(—l), since 
such a surface is semi-umbilic in M^'^. 

3.1. z^-principal lines at the neighborhood of a Ughthke umbiU- 
cal point. Let us analyze the z/-principal configuration near an isolated 
i^-umbilic. If the vector field u is spacelike or timelike the treatment is 
analogous to that of an isolated z/-umbilic of a surface immersed in [16]. 
Therefore, we consider the case of an isolated z^-umbilic when the normal 
vector i/{p) is a lightlike vector. 

We fix a basis (ei, 62, A^i, A^2) of R^'^ adapted to the splitting R^'i = 
TpM © NpM at the i/-umbilic p : (61,62) is a positively oriented and or- 
thonormal basis of TpM and {Ni,N2) is a positively oriented basis of null 
and future-directed vectors of NpM such that (iVi, A^2) = —1- In the basis 
(ei, 62, A^i, iV2), we suppose that the immersion ip is of the form 

ip{u,v) = {u,v, A(u,v), B{u,v)) 

with 

1 1 

A{u, v) = -{a2ou'^+2auuv+ao2V^)+-{a3ou^+3a2iu'^v+3ai2Uv'^+ao3V^)+o{3) 

and 

k 1 

B{u, v) = -{u^ + v"^) + -(630^^^ + 362in\ + 3bi2uv'^ + bo^v^) + o(3). 
This means that, at p = (0, 0), 

jj^fa2o an\ f k 0\ 

\ ail ao2 J \ k J 

or cquivalently that II^i = —k{.,.). Thus, (0,0) is a A^i— umbilic of the 
surface. We have 

ipu = (1, 0, 020"" + aiiv + ^(030-^^ + 2a2iuv + 012^^) + o(2), 

ku + ^{b3ou^ + 2b2iuv + b^v'^) + o(2)), 
ipv = (0, 1, auu + ao2V + ^(021^^ + 2ai2uv + aosv'^) + o(2), 

kv + ^(621^^ + 2bi2uv + bosv"^) + o(2)), 

<Puu = {0,0,a2o + a3ou + a2iv + o{l),k + b3ou + b2iv + o{l)), 
Vuv = {0,0,aii+a2iu + ai2V + o{l),b2iu + bi2V + o{l)) 
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and 

(Pvv = {0,0,ao2+ai2U + ao3V + o{l),k + bi2U + bo3V + o{l)). 

Let 

U = 1/161 + ^262 + fsA^l + I^4-/V2 

be a normal field such that J^i(O) = 1^2(0) = J^4(0) = and 1^3(0) = 1. Define, 
for i = 1,2, 3, 4, the numbers li,mi, ni such that 

= /j + niiU + n-jV + 0(1). 

We readily have Zi = Z2 = k = and /s = 1. Since 

{(Pu,'^) = {mi - k)u + niv + o{l) 

and 

{(Pv,T^) = m2U + {n2 - k)v + o{l), 

we get 

mi = A;, ni = 0, m2 = and n2 = k. 
By scaling z/, we may suppose without loss of generality that U3 is a constant 
equal to 1. Thus Z3 = 1 and ma = na = 0. We denote m4,n4 by m,n 
respectively. We thus get 

ui = ku + 0(1), 1/2 = kv + 0(1), f3 = 1, and 1^4 = + nu + o(l). (3.3) 

Thus 

ev = {'Puu,v) = -{k + {b2,Q + ma2Q)u + {b2i + na2Q)v + o{l)), 

fu = {^uv,v) = -((621 + maii)u + (612 +naii)i; + o(l)), 
gv = {^vv,i^) = -(k + {bi2 + 'maQ2)u + {boz + naQ2)v + o{l)). 

Since 

-E^ = {^u, </C«) = 1 + 0(1), -F = {^u, Vv) = 0(1) 

and 

G = {ipv,y^v) = 1 + 0(1), 

we get 

Fe^-Efi, = (621 + man )ii + (f>i2 + nan )f + 0(1), 

Gcu - Eg^ = (612 - 630 + m(ao2 - a2o))u + (603 - hi + n(ao2 - a2o))v + o(l) 
and 

Gfu-Fg^ = -{b2i+maii)u- {bi2+nau)v + o{l). 

We moreover suppose that the normal field is lightlike on a neighborhood 
of the point p; this condition reads z/^ + i/| — 21/31/4 = 0, which implies that 
m = n = 0. The expressions above then yield 

Fe,,-Efj, = b2iu + bi2V + o{l), 
Gei, - Egi, = (612 - 630)"" + (^'03 - ^'21)1' + o(l) 
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and 

GU-Fg^ = -{b2iu + hi2V + o{l)), 
and we thus obtain the equation of the hghtcone principal curvature hues. 

Theorem 3.1. For a generic spacelike embedding of a surface in M^'^, the 
differential equation of the hghtcone principal curvature lines with an isolated 
umbilic has the following normal form: 

{b2iu + bi2V + o{l))du'^ + {{bi2 - bso)u + (603 — b2i)v + o{l))dudv 

-ib2iu + bi2V + o{l))dv^ + 0(1) = 0. 

^hereb,, = §^JO,0). 

The singular point is Darbouxian of type Di, D2, -D3 with index ^ in case 
Di and D2, and in case D^. 

We refer to [1] and [7] for the description of Darbouxian types. 

3.2. Lightcone principal configurations on compact surfaces. Let M 

be a compact orientable surface and 

I = {(p : M R^'^l is a smooth spacelike immersion}. 

Endow this space with its standard topology. Consider the lightcone prin- 
cipal configuration of (p{M) described above. 

Theorem 3.2. The set of immersions ip £ I whose lightcone umbilic points 
are Darbouxian is an open and dense subset of I. 

Thus, from this theorem we get, as a consequence of the Poincare-Hopf 
Theorem applied to the lightcone principal configurations the following re- 
sult [3], [8] : 

Theorem 3.3. The number of lightlike umbilic points of any closed ( compact 
without boundary) spacelike surface generically immersed in M^'^ is greater 
than or equal to 2\x{M)\, where xi^) denotes the Euler number of M. 
Consequently any spacelike 2-sphere generically immersed in M.^'^has at least 
4 lightlike umbilic points. 

Remark 3.4. In [8] (Theorem 7.4 and Corollary 7.5) the authors obtain 
results analogous to Theorems 3.2 and 3.3 for the particular class of Horo- 
sphcrical configurations on surfaces immersed in ]HI']_( — 1). Nevertheless, they 
apply a difi"crcnt approach, that is, since any of these surfaces has a global 
parallel normal field, the position vector field of the immersion into EI^(— 1), 
the horospherical principal configuration is diffeomorphically equivalent to 
the principal configuration of the image of some immersion of that surface 
into M^. Then they can apply those theorems that hold for surfaces immersed 
in to the case under analysis. On the other hand, the local analysis on 
the z/-principal configuration developed in the present article, restricted to 
the class of surfaces immersed in BI^(— 1), provides different proofs of these 
results. 
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We also have the following result analogous to Theorem 1.13 in [13]. 

Theorem 3.5. Let M be a compact orientable spacelike surface immersed 
in R^'-*^, with non-zero Euler characteristic. Then, M has lightlike umbilic 
points. 

4. Mean directionally curved lines and Asymptotic lines on 

SPACELIKE surfaces IN M^'^ AND SURFACES IN 

If p is a point on a surface M immersed in R^, a mean directionally 

curvature direction in the tangent plane TpM is defined as the inverse image 
by the second fundamental form of the points in the ellipse of curvature 
where the line defined by the mean curvature vector intersects the ellipse. 

The field of directions, maybe with singularities, defined in this way is 
called the field of mean directionally curvature directions, and has been 
studied recently in [14]. This definition naturally extends to the case of 
spacelike surfaces immersed in M^'^. 

In the sequel the invariants and functions of Section 1 that will be applied 
are considered evaluated at the point p without any reference. 

Consider II (u) = H + II°{u), where n is a unit vector in TpM and 11° is 
the tracclcss part of II. The condition that determines the mean curvature 
directions is 

[H,ir{u)]=0, (4.1) 

where the brackets stand for the mixed product in NpM (the determinant 
in a positively oriented Lorentzian basis). We first express II°{u) in a basis 
adapted to the axis of the curvature ellipse. We use notation and results of 
Lemma 1.7. Choose first a unit vector ei of TpM such that II°{e\) = aui. 

Since the map 11° increases the angle two times, there is a vector 62 
orthogonal to ei satisfying the equation II°{e2) = —aui. Therefore, 

^//°(ei + 62) = ir (^^{ei + 62)^ = bu2, 

where the last equality holds because the unit vector ^(ei + 62) makes an 
angle of j with ei. Thus, setting u = xiei + X2e2, we get 

ir{u) = {x,,X2){^l -a) {11)^^ + ^'^^^''^^ {I 

= a{x\ — x^ui + 2bxiX2U2. (4-2) 

With the expression above and recalling Lemma 1.7, a straigthforward 
computation shows that equation (4.1) is equivalent to 

m{u) := —f3ax\ + 2abxiX2 + I3ax\ = 0. (4-3) 

where a and fi are defined in Lemma 1.7. 

Let us consider now the field of asymptotic directions of a surface im- 
mersed in R^'-*^. Let p G M; an asymptotic direction at TpM is defined as 
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the inverse image of the second fundamental form of a point where the line 
that contains the origin is tangent to the ellipse of curvature; these line fields 
have been studied for surfaces in in [13], [17], [5], [2] and [18]. 
We suppose that Kj^f ^ 0, and we set, for any v^\x ^ ^p^i 

<iy,fi>^:=<u,u^\^i) > . (4.4) 

This defines a metric on NpM (see Remark 2.6). We suppose in the following 
that NpM is equipped with this euclidean structure. By Lemma 2.4, the 
curvature ellipse E is a, unit circle of this euclidean plane (with center H). 
Thus, the lines in NpM through the origin and tangent to E are described 
by the equation 

o=<H + ir{u),ir{u) 

or equivalently by 

<H,ir{u)>^=-l. (4.5) 

Since n$ is diagonal in the basis (ui, £12), with diagonal entries (a^, —b^), we 
readily get that 

where v = uiui + f2'U2 and ^ = niui + sue normal vectors. Recalling 
that H = aui + (3u2 and using (4.2), equation (4.5) reads 

5{u) := 6(a + a)x\ + 2a[3xiX2 + 6(a — a)x\ = 0. (4-6) 

We also used here that + ^2 = 1. It is not difficult to verify that (4.6) 
also holds in the case where Kn = 0. 

Let us denote by us the symmetric operator of TpM such that, for all 
u e TpM, 

S{u) = {us{u),u). 

We now determine the eigenspaces of ug using the following elementary 
property: u = xiei + X2e2 is an eigenvector of us if and only if d{u, u^) = 0, 
where S denotes the polar form of S and stands for the vector —X2ei + 
xie2- This condition reads 

which is equation (4.3) of the mean curvature directions. Thus, the mean 
curvature directions are the proper directions of the quadratic form 6. Since 
the proper directions of a quadratic form clearly bisect its null directions, 
we conclude: 

Proposition 4.1. The mean curvature directions bisect the angle deter- 
mined by the asymptotic directions. Moreover, these directions coincide with 
the proper directions of the quadratic form 6 defined by the asymptotic di- 
rections. 
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Remark 4.2. The quadratic form 6 defined in (4.6) is, up to sign, the 
lorentzian analog of the quadratic form 6 introduced by J.Little in [13]. 
Its trace is 

tr 5 := tius = 2ab = ^K^. 
We compute its determinant 

det(5 := det us = a^b^ - b^a^ - 
Using (1.29) and (1.30) in the form 

1 ^. o,.-^,o 1 



and 



we get by a direct computation that 



b^a^ + a^/?2 = A + ^K%. (4.7) 

Thus 

det (5 = - A. 

In an orthonormal basis of eigenvectors of S, equation (4.6) simphfies to 

Six'i^ + 62X2^ = 0, 

where Si and ^2 are such that S1+S2 = Kn and 5i52 = — A. By an elementary 
computation we get the Lorentzian analog of Wong's formula [20] 

2 o 4A 
tan2^= 

where is the angle formed by the asymptotic directions. 
Remark 4.3. Using formula (4.7) we readily get 

{H,H), = ^ + l. (4.8) 

Here we also used that a^b^ = jK"^. Thus Kff > — 4A, with equality if and 
only if ^ = or p is an inflection point {Kn = A = 0). Moreover, since the 
curvature ellipse is 

E = {H + iye M}'^ : {u, v)^ = 1} 

we deduce the following result, which is well-known in the euclidean setting: 
denoting by O the origin of the normal plane NpM, 

if Kj^ 7^ 0, then A = ^/ and only if O belongs to E, A > if and only 
if O is outside E, and A < if and only if O is inside E. 
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Remark 4.4. It can be proved that the quadratic form 6 of M G M^'^ is 
proportional to the form S oi M considered as a surface in the euchdean space 
R^. Thus, the notions of asymptotic hues in the euchdean and Minkowski 
spaces coincide. In fact, the asymptotic directions on a surface may be 
described in terms of its Gauss map only: let S be a surface immersed in 
the affine space M^, and let G be the Gauss map 

G:S ^ G(2,4) 

where G(2,4) is the Grassmannian of the 2-planes in M'^. Consider the 
Pliicker embedding of G(2,4) in P^. Its image, denoted by Q, is a smooth 
quadric of P^, known as the Klein quadric. A line in P^ is said to be a null 
line if it belongs to Q. The asymptotic directions of S are in fact the direc- 
tions u G TxT, such that dGx{u) is tangent to some null line of Q. The notion 
of asymptotic directions is thus independent of the lorentzian or euchdean 
structure of the ambient space where S is immersed. We refer to [19], Sec- 
tions 1.3 and 1.4 for the Pliicker embedding and the linear geometry of the 
Klein quadric. This conclusion is in agreement to the fact that the notion of 
asymptotic directions at a point on a surface immersed in Euclidean 4-space 
can be stated in terms of the contact of the surface with certain normal 
hyperplanes or certain lines, where this contact is of higher order, see [17] 
or [2], respectively. 

F. Tari has analyzed some differential equations on surfaces immersed in 
M", n > 4. He shows that given a surface immersed in M^, there is a natural 
way to determine a unique binary differential equation which defines a set of 
orthogonal lines on the surface. Moreover, he proves that this set of lines is, 
in fact, the z^-principal configuration on the surface, defined by some normal 
vector field v (Theorem 2.5, [18]). 

Because of this he calls the configuration of that lines, the principal con- 
figuration of the surface. 

He proves in his article that the directions of this line field bisect the angle 
determined by the asymptotic lines (Corollary 4.4). Then, our Proposition 
4.1 implies that the principal configuration of the surface is, in fact, the con- 
figuration defined by the mean directionally curved lines. We now explicit a 
normal vector field v such that the mean directionally curved lines are the 
i/-principal lines. Observe first that this description is possible only at points 
which are not semi-umbilics (i.e. such that Kj^ ^ 0). Recall the definition 
(4.4) of the euchdean structure (., on the normal planes of the surface. 
The principal directions of the real quadratic form {II, H)^ are the critical 
points of 5^ — R, u<-^ {II{u), H)*, and are thus the directions u e such 
that the tangent of the curvature ellipse at II{u) is orthogonal to H (w.r.t. 
to (., .)*). Since the curvature ellipse is a circle for this scalar product, these 
directions u are such that II{u) belongs to the diameter of the circle which 
is directed by H. These directions are precisely the directions of the mean 
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directionally curved lines. Since {II, H)^ = {II,u^\H)), setting 

the mean directionally curved lines are thus the z^-principal lines (on the set 
where Kn 7^ 0). 
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